Electromagnetic waves, gravitational coupling and duality analysis 
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In this letter we introduce a particular solution for parallel electric and magnetic fields, in a 
gravitational background, which satisfy free-wave equations and the phenomenology suggested by 
astrophysical plasma physics. These free-wave equations are computed such that the electric field 
does not induce the magnetic field and vice-versa. In a gravitational field, we analyze the Maxwell 
equations and the corresponding electromagnetic waves. A continuity equation is presented. A 
commutative and noncommutative analysis of the electromagnetic duality is described. 

PACS numbers: 11.10.Lm,11.15.-q,11.30.Pb 



1. INTRODUCTION 

Plasma and Astrophysical Plasma physicists sup- 
port the possible existence of electromagnetic stationary 
waves with parallel E and B fields and consequently hav- 
ing a null Poynting vector HEHSEI1I10. KR " 
Brownstein J1J points out that these waves may emerge 
as solutions of the vector equation V x V — kV (V is 
a vector field and k is a positive constant). Brownstein 
considered this equation for the vector potential A as 



Z1.1V x A = kA 
with a particular solution 



11.2A 



i sin kz + j cos kz coswt 



(1.1) 



(1.2) 



and takes the associated electric and magnetic field as 



II. ZE 

and 



c ~dt 



= ko 



i sin kz + j cos kz sinwt (1-3) 



11AB = V x A = ka is'mkz + j cosfcz cosut . (1.4) 

The Brownstein fields (??) and (??) satisfy Maxwell 
equations and the usual vacuum free-wave equation. 
Moreover, fields, E and B and the vector potential, A, 
are parallel everywhere. From (??) and (??) it is easy to 
notice the assertives above, that is, that the associated 
electromagnetic wave has a null Poynting vector and, so, 



does not propagate energy and that the behavior of this 
wave is just like the phenomenology suggested by Plasma 
and Astrophysical Plasma Physics. 

In this letter, we consider the electromagnetic and 
gravitational coupling and we analyze, in a gravitational 
background, the corresponding Maxwell equations. With 
these results, we can see that with the gravitational cou- 
pling, the electromagnetic duality is broken in a commu- 
tative as well as in a noncommutative regime. We obtain 
the associated free- wave equations for fields E and B and 
discuss the corresponding static case. We will see that in 
a gravitational background the electric field E does not 
induce the magnetic field B and vice- versa. And we show 
that, in a particular situation, the electric field E may 
depend on time but does not induce a magnetic field 
B, with or without sources. Finally we show particu- 
lar electrostatic and magnetostatic solutions for Maxwell 
equations without sources in a gravitational background, 
such that the electric field, Eq and the magnetic field, 
Bq, both satisfy the corresponding free- wave equations. 
Moreover, these fields behave as the phenomenology in 
Plasma Astrophysics has suggested, that is, E and B 
are parallel fields. Thus, the associated electromagnetic 
wave is stationary, has a null Poynting vector and does 
not propagate energy. 

The work is organized as: in section 2 we analyze 
the gravitational coupling in Maxwell's equations and 
the electromagnetic duality breaking. In section 3 we 
formulate the solutions of the Maxwell equations with 
and without sources embedded in this gravitational back- 
ground. The conclusions are depicted in section 4. 
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2. THE GRAVITATIONAL COUPLING AND 
THE ELECTROMAGNETIC DUALITY 

The action for the gravitational and electromagnetic 
coupling is written as 



12. IS = 



-fJ 



(2.1) 



requiring stationary action (SS = 0) the correspond- 
ing Maxwell inhomogeneous equations in a gravitational 
background are 

12.2V \ L F» V = J v , (2.2) 
where the covariant derivative above is given as: 

12.3V P F^ = df.F^+T^F^ + T^F^ = J v . (2.3) 
The second term of the covariant derivative equation 



d F dh - - 

Z2.12V X B = J{x) + — - — E + V/iX B . (2.12) 

Taking the divergence of equation (2.12) and using eq. 
(2.9) we get the continuity equation in a gravitational 
background 

dp dh - - , 

Z2.13— ^- - — p + V ■ J -Vh- J = , (2.13) 
at at 

which is expressed in a covariant way as 

12.UV^ = , (2.14) 

where the covariant derivative is V ^ = d^ — djx. 

Without electromagnetic sources (p = ; J = 0) 
the free electromagnetic field equations in a gravitational 
background are: 



(2.3) can be written as 



Z2.15V ■ E = V/i • E 



^2.16V ■ B = 



(2.15) 
(2.16) 



dh 



where 



I2.hh = In y/-g 



(2.4) 



(2.5) 



and g is the metric determinant. 

The corresponding homogeneous Maxwell equations 
are 



l2.QV^F vp 



V P F^ = . 



(2.6) 



The connection terms of this equation cancel each other 
in such a way that this equation is the usual homogeneous 
Maxwell equation 



l2.7d^F vp 



d p F. v = 



(2.7) 



Finally, to analyze these equations we adopt the F.R.W. 
cosmological metric 



12.MS 1 



dr 2 



dt 2 - (a(t)f {(1 - Ar 2 y\ 
+ r 2 d9 2 +r 2 sin 2 8dtp 2 } , (2.8) 



where the term a(t) is the scale factor and the constant A 
may assume values A — 1,0,-1. Each value represents 
the associated curvature of F.R.W. spatial metric. 

In terms of the electric field, E % — F° l , and the mag- 
netic field B i = £ ijk F jk , the Maxwell eq. (??) and (??) 
are explicitly given by 



12.9V ■ E = p(x) + V/i • E 



Z2.10V • B = , 



/2.11V x E 



dB 
~dt ' 



(2.9) 



(2.10) 



(2.11) 



/2.17V x E 



dB 



/2.18V x B = ^ - ^ E + Vhx B 
dt dt 



(2.17) 



(2.18) 



We can see clearly in eqs. (??)-(??), that the duality 
invariance 



E 
B 



B 

-E , 



(2.19) 



is no longer true, i.e., the gravitational coupling breaks 
the usual electromagnetic duality invariance of Maxwell's 
equations. However, as stressed by G. F. R. Ellis and H. 
van Elst |£| , this is not an effect of the gravitational cou- 
pling (space-time curvature) itself, but rather due to a 
coordinate dependent definition of the electric and mag- 
netic fields. A covariant definition of the electric and 
magnetic fields can be performed and the result is a du- 
ality preserving form of Maxwell's source free equations 

9]- 

In the noncommutative case analyzed by Y. Abe et al 
[l0( it can be demonstrated that the electromagnetic du- 
ality analyzed there is also broken under a gravitational 
coupling described in (??) using the usual Moyal product. 
This demonstration is beyond the scope of this letter. 

Taking the curl of equation (??), using equations (??) 
and (??) and, since Vh does not depend explicitly on 
time, we get the free-wave equation in a gravitational 
background for the electric field: 



Z2.19 



V 2 E 



d 2 E 



V(Vh-E) 



dh 
di 



E 



dt 



V/i x (V x E) . 

(2.20) 
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Similarly, taking the curl of eq. (??), and using eq. 
dh 

(??) and, since — does not depend explicitly on the 

spatial coordinates, we get the free-wave equation in a 
gravitational background for the magnetic field: 

12.20V*B- ^ = -V x (Vh x B) f f ™ . (2.21) 

From both equations above (??) and (??) we conclude 
that it is possible to formulate a situation in a gravita- 
tional background in which the electric field E does not 
induce the magnetic field and vice-versa. 



3. SOLUTIONS OF THE MAXWELL 
EQUATIONS IN A GRAVITATIONAL 
BACKGROUND 

Now we analyze the necessary conditions to obtain 
electrostatic and magnetostatic solutions in the gravita- 
tional background, that is, the conditions that the elec- 
tric field E and the magnetic field B must satisfy in order 
that the electric field E does not induce the magnetic field 
B and vice- versa. Firstly, we analyze the electromagnetic 
fields with sources and next in a source free system. 



From condition (??) and from eq. (??) it is simple to 
verify that the electric field E(f, t) and the charge density 
p(r, t) can be written as: 



and 



l3AE(f,t) = (a(t)) 3 E (r) , 



I3.5p(f,t) = (a(t)) 3 p (r) ; 



(3.4) 



(3.5) 



where Eo(r) is a stationary vector field and po(r) is sta- 
tionary "charge density" . Furthermore the current den- 
sity J must satisfy the equation: 



13.6V- J-Vh- J = . 



(3.6) 



If the conditions (??)-(??) are verified and if the mag- 
netic field B is static, the electrostatic and magnetostatic 
field-equations become 

13.7V ■ B = , (3.7) 



13.8V x B = J + Vh x B , (3.8) 



13.9V ■ E = p (r) + Vh ■ E , (3.9) 



With sources 



13.10V x E = 



(3.10) 



From eq. (??) it is clear that the gravitational field 
does not modify the Faraday law and so it is simple to 
conclude that the magnetic field B must be stationary in 
order not to induce an electric field E. 

On the other hand, as the Ampere Law (??) has been 
modified by gravitation, it is interesting to see that even 

(dE \ 
= I it may induce 

a magnetic field B from the gravitation term — — E. For 

at 

example, if we have a non-null stationary electric field 



13.1 



dE 
~dt 



E^O 



(3.1) 



and no current densityi.e., j — 0, eq. (??) becomes 

dh -> 

13.2V x B = - —E + VhxB (3.2) 

and so it implies that we necessarily have a non-null mag- 
netic field B, since B = is not solution for this equation. 

From eq. (??) it is clear that even if the electric field 
E depends on time it shall not induce a magnetic field B 
provided the condition below is satisfied: 



Any solution of equation (??)-(??) for the charge cur- 
rent density J(r, t) and for the magnetic field, B(f), can 
be combined with any solution of equations (??), (??), 
(??) and (??)• So, under these conditions the magnetic 
field, B(r), does not induce the electric field, E(r,t), and 
vice-versa. This way we call these equations magneto- 
static and electrostatic, but we must remember the elec- 
tric field is not static but depends on time according to 
eq. (??). 

B. Without sources 

We now consider the Maxwell equations (??)-(??) 
without sources, i.e., p — ; J = 0, with the condition 
that the electric field E(r,t) satisfies eq. (??) and that 
the magnetic field B does not depend explicitly on time. 
The Maxwell equations for the electrostatic and magne- 
tostatic field-equations without sources in a gravitational 
field (??)-(??) are given by: 



13.11V -B = 



13.12V x B = Vh x B 



(3.11) 



(3.12) 



(3.3) 



«.13V • E = Vh ■ E , 



(3.13) 
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/3.14V x E = . (3.14) 
A particular solution in spherical coordinates is 



13.15 E (r,6,(p) = 



r suit 



■ ip 



E(r,e,ip,t)=a^^0 (3.15) 



and 



l3.WB(r,6,<p) = (3 



VI - Ar 2 



r sin 9 



(3.16) 



where a and (3 are constants and (p is the unit azimuthal 
vector: ip — — i sin ip + j cos <p. 

A simple substitution show that these fields satisfy all 
the Maxwell equations without sources (??)-(??). It is 
interesting to point out that these electric and magnetic 
fields are parallel and satisfy the free-wave eq. (??) and 
cq. (??). The electromagnetic wave has parallel electric 
and magnetic fields and a null Poynting vector. It is 
a stationary wave and it does not propagate energy as 
suggested by the Astrophysical Plasma phenomenology 

The term V/i and the unitary azimuthal vector (p are 
perpendicular vectors, so that {(p, V/i, <p x V/i) form a 
complete set and any vector can be written as: 



13.18V = V v + V h Vh + V vh (<px Vh) 



(3.17) 



The vector components V v , Vh and V v h may depend 
on time and spatial coordinates. General solutions E(r, t) 
and B{r, t) for Maxwell equations in a gravitational back- 
ground using the ansatz (??) are being considered. 



magnetic waves point of view, where the electric and the 
magnetic vector fields are parallel and we have a null 
Poynting vector, i.e, there is no propagation of energy. 

In this context, we obtained an interesting covariant 
form of the continuity equation and free-wave equations 
in a gravitational background where the electric field does 
not induce a magnetic field and vice-versa. In this sce- 
nario we can conclude that the electromagnetic duality 
in both commutative and noncommutative regimes are 
no longer valid, due to a coordinate dependent definition 
of the electric and magnetic fields Q . 

We constructed the necessary conditions to obtain the 
electrostatic and magnetostatic solutions in the gravita- 
tional background. This is accomplished with the electro- 
magnetic fields in a source and in a source- free systems. 
These solutions satisfy the free- wave equations. The fi- 
nal electric and magnetic fields obtained are parallel, as 
suggested by the Astrophysical Plasma phenomenology. 
With the gravitational field and the unitary azimuthal 
vector we formulated a complete set such that any vec- 
tor can be constructed as a linear combination of the 
vectors of this set. 

As a perspective, we can analyze that in an Astro- 
physical Plasma, gravitation must be taken into account 
in a way that the gravitational background can break the 
parallelism between the fields E and B. Consequently, 
the corresponding electromagnetic wave does not have a 
null Poynting vector. It is not a stationary wave and 
thereby propagates energy. This is a work in progress. 
Another perspective is to compute the new noncommuta- 
tive Maxwell equations described in m a gravitational 
background. 



4. CONCLUSIONS 

In this letter we analyzed the Maxwell equations cou- 
pled to a gravitational field in the Brownstein electro- 
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